In this work we study a homogeneous and quasilocal Thermodynamics associated to the Schwarzschild-anti de Sitter black hole. The usual thermodynamic description is extended within a Hamiltonian approach with
Introduction
Over the last few decades, research on black hole Physics has suggested fundamental connections between Gravity, Thermodynamics and Quantum Field Theory [1] . Theoretical evidences indicate that black hole Thermodynamics is a key to this relationship, dictating the laws which black holes obey and, at the same time, showing that those laws can be seen as a thermodynamic description of gravitational systems [1, 2, 3] .
Since the pioneering work of Bekenstein [4] , it is well-known that black holes possess an entropy proportional to their horizon area. Afterwards Hawking, Carter and Bardeen provided a general proof of the laws of black hole Mechanics [5] . A genuine black hole Thermodynamics was derived from Hawking's result of black hole evaporation [6] , which showed that black holes emit radiation due to semiclassical effects, and thus have an associated physical temperature. Since then, black hole Thermodynamics has become a major topic in Physics, with special attention to the thermodynamic properties of asymptotically anti de Sitter (AdS) geometries (see for example [7, 8] ) due to the developments in anti de Sitter/conformal field theories (AdS/CFT) correspondences [9, 10, 11] .
In the present work we focus on the thermodynamic behavior of D-dimensional Schwarzchild-anti de Sitter black holes (SAdS). We consider a description where the SAdS black hole is in equilibrium with a thermal atmosphere that is generated by Hawking emission [7] . In the minimal SAdS Thermodynamics, there is only one thermodynamic variable, the entropy (or the horizon radius). No usual, i.e., non-gravitational, thermodynamic system has only one degree of freedom. In such a scenario, there is no distinction between isothermic and isentropic processes, and the notion of a thermodynamic temperature is not well-defined [12] . Besides, in this minimal setup, the first law of Thermodynamics is not consistent with the Smarr formula [13] . Therefore, the minimal description is not a thermodynamic theory in the standard sense. These issues can be fixed once we extend the thermodynamic theory in order to have additional degrees of freedom. So, in the case of a SAdS black hole, this amounts to a Thermodynamics which is closer to that of usual matter systems [14] .
The idea of extending the usual black hole Thermodynamics with the introduction of the cosmological constant Λ as a new thermodynamic variable was proposed in [15, 16, 17] . However, the interpretation of the conjugate variable to Λ was not fully understood. Some authors proposed that it would be a thermodynamic volume [13, 18, 19] , which leads to the interpretation of Λ as a pressure. Consequently the black hole mass would be interpreted as the enthalpy instead of the internal energy.
The previous extension of the SAdS black hole Thermodynamics furnishes a good path towards a consistent theory. The cosmological constant is needed as a thermodynamic parameter for the theory to have homogeneous equations of state. Homogeneity is required for extensivity [13] and for the existence of an integrating factor for the reversible heat exchange [20] . However, homogeneity requires that Λ must be introduced in the theory in a very specific manner, otherwise inconsistencies appear (for example, in the construction of the thermodynamic potentials, as pointed out in [21] ). In particular, if one tries to use the cosmological constant as a thermodynamic variable in this extension, the obtained theory will present singularities in the Legendre transformation between Λ and its conjugate variable [19] .
Even after the construction of a consistent theory, there is a problem related to the physical interpretation of the thermodynamic temperature. The usual definition of black hole temperature is based on the horizon surface gravity. But this quantity is not uniquely defined in stationary asymptotically anti de Sitter geometries, since there is no preferred normalization for the associated time-like Killing vector field.
An attempt to solve this ambiguity problem was proposed in [22, 23] . The authors assumed a quasilocal approach, where physical quantities are defined on a bounded spacetime region R. In this way the time-like Killing vector field has no divergences and it is well-defined. This procedure defines new quantities on the boundary, such as an energy function E that plays the role of the internal energy in the thermodynamic description. As one is dealing with a bounded region, the quasilocal approach introduces a new thermodynamic variable connected with the position R of the observer in spacetime. As a result, the temperature function depends on this new variable and, in particular, it is redshifted to zero as R → ∞ due to the associated Tolman factor [24] . Although the quasilocal Thermodynamics gives a better definition of the temperature in a non-asymptotic flat spacetime, it still lacks homogeneity, and all related problems remain.
In a previous work [21] , we extend the minimal setup using a Hamiltonian approach to Thermodynamics [25] , where the equations of state are realized as constraints on a symplectic phase space. In this manner we are able to incorporate Λ in a consistent manner, solving the homogeneity issue and obtaining a sensible Smarr formula for the SAdS Thermodynamics. However, we are not able to fix the functional form of Λ in [21] , as it remains dependent on free parameters of the model. In this work we construct an extended version for the quasilocal thermodynamic description using the aforementioned Hamiltonian method. The resulting theory has none of the issues described above and gives a well-defined interpretation for the thermodynamic temperature. We show that in this formalism it is possible to promote Λ to a thermodynamic variable. Besides, using geometric and thermodynamic arguments, we propose some functional forms for the cosmological constant.
The structure of this work is as follows. In section 2 we review the minimal description of the D-dimensional SAdS black hole. In section 3 we discuss the quasilocal approach to black hole Thermodynamics. In section 4 the quasilocal thermodynamic description is extended by means of the Hamiltonian approach. In the process, a new equation of state for the black hole is constructed. Stability issues are studied in section 5. In section 6, we discuss the final considerations for this work and some paths that can be followed in the future. Throughout this paper, we use the metric signature (− + + · · · +) and natural units with G = = c = k B = 1.
Minimal Schwarzchild-AdS Thermodynamics
The Schwarzchild-anti de Sitter spacetime is the spherically symmetric vacuum solution of the Einstein's equations with a negative cosmological constant Λ. Its metric can be written as
where dΩ (1) is expressed in terms of the (negative) cosmological constant Λ and a (positive) parameter M as
where B D denotes the canonical volume of S D−2 , namely,
It is convenient to define an effective cosmological constantΛ that is related to
Staticity of SAdS spacetime is characterized by the existence of a global Killing vector field ∂/∂t, which is time-like outside the black hole. However, since the geometry is not asymptotically flat, there is no preferred normalization for the Killing field. In fact, its norm
diverges as r → ∞. The Schwarzchild-anti de Sitter spacetime has a Killing horizon at r = r + associated to ∂/∂t. The horizon radius r + is the unique positive root of N (r). A surface gravity κ and a surface area A, or more precisely a (D − 2)-volume, can be associated to the horizon, whose expressions in terms of r + are
Using the expressions (6), one obtains the following relation among the parameters M , A and κ,
The existence of a Killing horizon implies a thermodynamic description for the Schwarzchild-anti de Sitter spacetime. It is implicitly assumed that semiclassical effects generate a thermal Hawking atmosphere [7, 21, 26] around the black hole, and that it is in thermal equilibrium with its Hawking atmosphere. In the minimal description, there is only one thermodynamic variable: the entropy S. Hence, the fundamental equation has the form U = U (S), where U denotes the system's internal energy. Concretely, the minimal Schwarzchild-anti de Sitter Thermodynamics is defined characterizing the internal energy U , the entropy S and the temperature T as
In fact, using the construction (8), one verifies that
which is the first law of Thermodynamics in the minimal scenario. Relation (7) can be rewritten in terms of the thermodynamic variables U , S and T as
The above expression is the only equation of state in the minimal thermodynamic description of SAdS black holes. Despite its simplicity, minimal SAdS Thermodynamics has significant drawbacks. For Λ = 0 one can fix the normalization (5) such that g (∂/∂t, ∂/∂t) = −1 at the spatial infinity and the obtained theory is homogeneous. While, for the SAdS spacetime, there is no preferred normalization for the time-like Killing field. Thus, there is no unique definition of temperature, as a Killing field proportional to ∂/∂t, will have a surface gravity different from κ in (6) . Also, for Λ = 0, the internal energy is no longer homogeneous and the minimal Thermodynamics is not standard [20, 21] .
Quasilocal Schwarzchild-AdS Thermodynamics
To solve some of the problems of the minimal Thermodynamics, one possible approach is a quasilocal treatment, where the quantities of interest are defined in a bounded region. More specifically, we will use the general formalism presented by Brown and York [23] , which was later applied to asymptotic anti de Sitter geometries by Brown, Creighton and Mann [22] .
In the Brown-York approach, one considers a bounded region M ⊂ S of a spacetime S with (pseudo-Riemannian) metric g µν in D dimensions. It is assumed that M has the topology Σ × I, where Σ is a space-like (D − 1)-dimensional hypersurface and I is an interval of the real line. The region M is composed by three pieces: "initial" and "final" space-like hypersurfaces T I and T F ; and a hypersurface B which connects T I and T F . It follows that B = B × I, where B is a compact (D − 2)-dimensional space-like surface. That is, B is foliated into (D − 2)-surfaces. The induced metric on B is denoted by σ ab . Neither global hyperbolicity nor specific asymptotic structures are assumed for S.
Brown and York employed a Hamilton-Jacobi analysis of the action functional describing Einstein's gravity in spacetimes with finite boundaries. The appropriate gravitational action for this description is [27] 
with α being a coupling constant and the action S L being given by
In (11), S 0 is a functional of the metric on ∂M such that δS 0 vanishes when the metric is fixed on the boundary ∂M. The induced metrics on T I , T F and B are denoted by h I ij , h F ij and γ ij respectively. The curvature scalar on M is denoted by R. The quantities K I , K F and Θ are the traces of the extrinsic curvatures in the hypersurfaces T I , T F and B respectively.
Decomposing the metric γ ij in the ADM form [28] , one obtains that
where N is the lapse function and V a is the shift vector. In the Brown-York approach, the main contribution from the variation of S comes from the boundary B. Denoting u i as the unit normal vector to B and σ a i = δ a i the tensor that projects covariant tensors from B to B, it follows that
where
with n µ representing the components of the unit normal to B, k ab is the extrinsic curvature of the boundary B and k its trace, P ij denotes the gravitational momentum for the hypersurface Σ and a µ = u ν ∇ ν u µ indicating the acceleration of u µ . The terms with index zero in (15) and (16) are proportional to the functional derivatives of S 0 .
From (14) , it follows that the term − √ σε is equal to the time rate of change of the action, wherein the lapse function controls the changes of B with respect to time. Thus, ε is identified as an energy surface density and the total quasilocal energy is defined by integration over the
Let us analyze the D-dimensional Schwarzchild-anti de Sitter black hole. In D-dimensions, we set the coupling constant to α = 8π. Since the geometry is spherically symmetric, it is natural to consider the surfaces B as (D − 2)-spheres, specified by r = R, with constant R. Staticity of the SAdS geometry allows the identification of T I and T F with the hypersurfaces t = t I and t = t F . Considering the choices made, the energy density ε associated to the surface r = R is
Integrating over B, one obtains the total energy:
One interesting feature of the formalism is that some quantities, such as E in (19) , depend on the arbitrary function ε 0 , which can be interpreted as a choice of the zero-point energy of spacetime. Brown, Creighton and Mann [22] assumed that the quantity E in (19) represents the internal energy of the thermodynamic system. Following [22] , the surface pressure P at the boundary r = R can be obtained for the D-dimensional Schwarzschild-anti de Sitter spacetime:
In the same fashion, a local temperature T L can be found as
The pressure P in (20) can be related to the trace of the spatial stress s ab [22] as
The local temperature T L in (21) is damped by a term proportional to the inverse of the lapse function
The damping of a local temperature by the Tolman factor, as observed by Brown, Creighton and Mann in their approach, is a generic characteristic of any reasonable Thermodynamics in a static spacetime [24] . Thus, in the presented quasilocal description of Schwarzschild-anti de Sitter spacetime, the temperature measured by an observer at r = R is a well-defined quantity. Also, the Thermodynamics is constructed with two degrees of freedom, since the position R is introduced as a new thermodynamic variable. Two of the problematic issues in the minimal SAdS thermodynamic description are solved.
Still, the problem associated to homogeneity remains in the SAdS Thermodynamics proposed by Brown, Creighton and Mann. Indeed, the lapse function N (r) must be a homogeneous function of order zero. This will be true only if M/R D−3 and ΛR 2 also are homogeneous functions of order zero, as it is apparent from (2). In order to recover homogeneity, Λ will be considered a thermodynamic parameter with the help of the formalism developed in [21, 25] .
Extended quasilocal SAdS Thermodynamics

Extended phase space
The Hamiltonian approach to Thermodynamics consists of the identification of thermodynamic variables with local coordinates (q, p) of a phase space whose symplectic structure is given by ω = dθ, where θ = pdq is the tautological one-form and h (q, p, t) is the Hamilton function. Then, equations of state are realized as constraints and the one-form θ on the surface of constraints becomes the differential of a thermodynamic potential. In this way, one shows that Legendre transformations of thermodynamic potentials amount to canonical transformations in phase space. Furthermore, one can extend this description by the addition of new coordinates and momenta (τ, ξ), without increasing the number of physical degrees of freedom, by supplying a Hamiltonian constraint H = ξ + h (q, p, τ ), analogous to what is done in Classical Mechanics, when one considers the evolution parameter as a coordinate. As a result, the tautological one-form θ becomes the Poincaré-Cartan form pdq − hdt on the constraint surface. For further details, see [25] .
Let us first rename the thermodynamic variables as
They label local coordinates on an open region of R 4 with symplectic structure given by the tautological one-form θ = pdq + ̟dx. The equations of state (21) become constraint equations φ 1 = 0 and φ 2 = 0, which are written in terms of the mechanical variables (24) as
We will consider the energy (19) a thermodynamic potential, so one has a fundamental equation. Then, the form θ is the differential dE on the constraint surface φ 1 = φ 2 = 0, θ| φ1=φ2=0 = dE. The symplectic structure in the phase space (q, p; x, ̟) is defined by the two-form ω = dθ. According to the canonical Poisson structure given by ω, the Poisson brackets between the constraints vanish identically, so the set of constraints is first-class. Therefore, there are no physical degrees of freedom, as expected from the general theory [25] . We shall extend the description given in section 3 by introducing a new canonical pair (ξ, τ ) of mechanical variables, such that the tautological one-form θ becomes
with ξ = ∂E/∂τ on the constraint surface. We follow [21] in that Λ is considered a function on phase space, depending on the coordinates q, x and τ . In particular, ε 0 and N depend on these coordinates through Λ. Since the tautological one-formθ must reproduce the differential dE on the constraint surface, one is led to a new constraint,
With this, the notion of thermodynamic energy is not the same as the one in the original theory. In addition, the constraints (25) receive contributions coming from derivatives of Λ and ε 0 with respect to the coordinates, which in terms of thermodynamic quantities are described by
The total set of constraints is again first-class, resulting in a theory with no physical degrees of freedom. We note that if the cosmological constant depends on the entropy, the temperature T L no longer has the usual geometric interpretation as surface gravity. Now we impose homogeneity to the equations of state, which is a necessary condition in order to have a consistent black hole Thermodynamics [20, 29] . Although homogeneity does not completely fix the functional form of Λ, it does impose strong conditions on it. Considering the extensivity of the entropy S → λS in (21) , one has
and, since the lapse function (2) is homogeneous of order zero, we obtain
Once the lapse function N does not depends explicitly on τ , but only through Λ (S, R, τ ), it is not possible to fix the homogeneity order of τ by demanding that N be homogeneous of order zero. So, c remains an arbitrary real constant. This constant connects all the thermodynamic descriptions that respect the homogeneity condition. Consider the Euler theorem for homogeneous functions [13] . If a function scales as
Renaming G =Λ, x 1 = τ , x 2 = S, x 3 = R D−2 , one has η = 2/ (2 − D), α 1 = c and α 2 = α 3 = 1. With this we obtaiñ
If c = 0, there is no phase transition [21] . This is unexpected, considering Hawking-Page theory, and so we discard this case. The general solution for c = 0 of the differential equation (33) is
where F is any homogeneous function of order zero, as is clear from the definition of its arguments above. Equation (34) fixes the functional form of the cosmological constant in the thermodynamic description, solely on the grounds of the homogeneity condition. We also observe that homogeneity relations (31) impose limitations on the possible choices of ε 0 , restricting it to specific combinations of the thermodynamic quantities. These combinations need to be homogeneous of order 1/(2 − D) and, by the Euler theorem, ε 0 must has the form
where G is some arbitrary homogeneous function of order 0. Another result is that one can obtain the Smarr formula [13, 15, 30] by using Euler's formula (32) . Setting G = E, x 1 = S, x 2 = R D−2 , x 3 = τ , we have
Thus, the constant c can be understood as a measure of the contribution to the energy that arises due to the extension of phase space by the canonical pair (τ, ξ). The R-dependence in (36) implies that the energy is dependent on the position of the observer at the boundary. In the same way, if the AdS "box" increases or decreases in size (i.e., a change in the AdS radius l = 1/ −Λ), it will change the spacetime energy by an amount weighted by the constant c. Moreover, when the black hole evaporates it is not only giving its mass back to spacetime, but also an amount of energy cτ ξ.
Fixing the Thermodynamics
The function F in (34) can be determined by demanding that the cosmological constant is fixed by geometric arguments. Let us consider the relation that determines the horizon radius, N (r + ) = 0, or more explicitly,
There are three parameters in this equation, and hence r + and Λ can be chosen arbitrarily, as long as r + is positive and Λ is negative. Any choice of r + > 0 and Λ < 0 generates a Schwarzschild-AdS geometry. Since the entropy S = πr 2 + is a function of r + alone, any pair (S, Λ) with S > 0 and Λ < 0 is associated with a SAdS spacetime, with S and Λ independent. Also, a particular choice of a surface r = R for the definition of the quasilocal quantities should not depend on the background geometry (characterized by r + and Λ, or by S and Λ). Therefore, geometric arguments suggest that Λ is independent of S and R. From (34) we see that the only way to satisfy these requirements is if F = −K is constant, soΛ = −Kτ
Taking (38) into account, dE = θ| {φ}=0 , where {φ} is the total set of constraints, is expressed as
and the additional constraint (27) becomes
The equation φ 3 = 0 becomes, in thermodynamic variables,
is the geometric volume of a radius r sphere in D dimensions. Since Λ/8π can be interpreted as the (volumetric) energy density of the AdS space, it follows that, for ε 0 = 0, cN ξτ is proportional to the energy of the spacetime inside the radius R sphere discounted the volume θ (r + ) of the black hole. That is the only quantity with physical meaning. By substituting (41) in (36), and incorporating c in the arbitrary function ε 0 , we obtain a Smarr formula in terms of R, S and Λ,
The choice of a specific value of c is a matter of convenience. As shown in [21] , it is not possible to use Λ as a thermodynamic variable in the simple extension of the minimal SAdS Thermodynamics. This is because the conjugate variable ξ will not depend on τ and the Legendre transformation between the pair (necessary to construct the internal energy from the enthalpy) is singular [19, 32] . However, in the quasilocal approach discussed here, it is clear from (27) that, even if τ = Λ, ξ still depends on τ (or Λ) through the lapse function N (S, R, τ ) in the denominator of the first term in the right hand side of (27) , even though the derivative ∂Λ/∂τ is constant. So, in the present setup, it is possible to promote Λ to a thermodynamic variable without introducing singularities. This choice corresponds to
By setting K = 16π/ (D − 1) (D − 2) in (38), we have that τ = |Λ| /8π is the energy density of spacetime, as in Dolan's original proposal [18, 19] . Besides, for ε 0 = 0, the conjugate variable ξ = θ (R)−θ (r + ) is the total geometric volume of the local description, discounted the black hole volume (taking into account the correction by the lapse function). Or, in other words, ξ is the total geometric volume measured by an observer characterized by N = 1. We stress that, with the treatment presented here, it is possible to promote Λ to a thermodynamic variable, as was originally proposed in [15, 16, 17, 19] .
Although interesting, there is nothing fundamental in the choice of c in (44) from the thermodynamic point of view. A better strategy might be to use the arbitrariness in c in order to simplify a specific problem. For example, one can choose to work with the fundamental equation U (S, R, ξ) = E − ξτ ,
In this case, the expression can be simplified by setting
That is, using √ −Λ as a thermodynamic variable instead of Λ. With this choice
The choice (46) has the additional advantage that, as in the usual thermodynamics, all the variables can be classified in two types: the extensive variables S, B D R D−2 , ξ , of degree one, and the intensive variables (T, P, τ ), of degree 1/ (2 − D). We note that, in this case, ξ is a extensive variable, so E is a function of two extensive and one intensive variable, and could be interpreted as the enthalpy (as proposed in [18, 19] for the extension of the minimal setup). In addition, U depends only on the extensive variables and can be identified with the internal energy (a quantity ill-defined in [18, 19] ). Other choices of c could prove to be more convenient for different thermodynamic potentials.
Besides completely defining the Thermodynamics in terms of the parameters Λ, R and r + , the above results guarantee the homogeneity condition and a singularity-free Thermodynamics. As a consequence, any thermodynamic potential can be used in this description (e.g., the enthalpy, the Helmholtz free energy and so on), since generic Legendre transformations linking these potentials are possible, as in non-gravitating Thermodynamics.
Stability conditions
In this section we analyze the stability conditions for the system. We have a consistent thermodynamic description for the SAdS black hole, characterized by the equations of state for P and T L in (20) and (21) respectively. In addition, there is the constraint (40):
In (48) we considered the fixed value (44) for the constant c. We stress that there is nothing special with this choice and one could work with the general expression (41). Let us consider the heat capacity
since our system has three degrees of freedom, and we consider processes with two variables fixed. From (21) , it follows that
The limit R → ∞ of the function υ (S, R, Λ) is
Therefore, as R grows, the heat capacity diverges as υ → 0, wheñ
In terms of the horizon radius r + and the the cosmological constant Λ, the previous equation assumes the form
which coincides with the minimum T SL = T L (D − 3)(D − 2)/(2|Λ|) of the temperature (48) in the large R limit. Thus, if the temperature at the boundary is set to a value smaller than T SL , no black hole can exist, and the system will be dominated by thermal radiation in an anti de Sitter background. On the other hand, if the temperature is set to a value greater than T SL , there will be two solutions. Namely, a larger and stable black hole, with r + > (D − 3)(D − 2)/(2|Λ|) and positive heat capacity; and a smaller and unstable black hole, with r + < (D − 3)(D − 2)/(2|Λ|) and negative heat capacity. The temperature T SL is the transition temperature for the Small-Large black hole transition [31] .
Therefore, SAdS black holes can be in thermal equilibrium within an environment with a negative cosmological constant when R → ∞. This was originally shown by Hawking and Page [31] . It is important to note that the Small-Large (SL) black hole phase transition is obtained from the minimum of the Hawking temperature (8) which, in general, is different from the minimum of the local temperature T L . The analysis we have made here is possible only in the large R limit, when the two minima asymptotically coincide and, thus, one can read the SL phase transition from the temperature T L .
We also note that, for the D = 3 BTZ black hole, υ is independent of R and a straightforward calculation shows that C R,Λ = S, which is always positive. Thus, our description for the BTZ black hole has no local instability, in agreement with [32] .
Conclusions and perspectives
The first attempts at describing the thermodynamic behavior of SAdS black holes were not entirely consistent [21] . The minimal description lacks homogeneity and the temperature is not well-defined, since the surface gravity is not uniquely defined. The latter issue can be treated using quasilocal charges defined for (D − 2)-spheres [22, 23, 27] . With this, one obtains a theory in which the temperature of the black hole depends explicitly on the position of the observer.
However, the quasilocal formalism does not fix the homogeneity issue. We solve this problem by using a Hamiltonian approach to Thermodynamics presented in [25] . We are able to find a new thermodynamic theory specifying the entropy S, the observer position R and the cosmological constant Λ. We are also able to give an explicit form for the Smarr formula in terms of these quantities. This result shows how the geometry contributes to the internal energy of the thermodynamic description. It has all the properties of the previously descriptions (i.e., has a well-defined temperature) and furthermore is homogeneous. As a result, unlike all previous descriptions, the presented development allows the use of any thermodynamic potential, which can be obtained via Legendre transformations. Our approach brings the Thermodynamics of Schwarzchild-anti de Sitter black holes closer to the description of standard thermodynamic systems.
Besides predicting Small-Large black hole phase transitions, new effects are expected, due to the existence of heat capacities associated to different kinds of processes, as well as other equations of state which give analogs of the compressibility coefficients of the standard theory. A natural development of the present work would be the characterization of phase transitions and critical exponents. Investigation along those lines is currently under way.
